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STICKINESS OF KAM TORI FOR HIGHER DIMENSIONAL 

BEAM EQUATION 


XIUCUI SONG* AND HONGZI CONG** 


Abstract. This paper is concerned with the stickiness of invariant tori ob¬ 
tained by KAM technics (so-called KAM tori) for higher dimensional beam 
equation. We prove that the KAM tori are sticky, i.e. the solutions starting 
in the iS-neighborhood of KAM torus still stay close to the KAM torus for a 
polynomial long time such as |t| < with any j\A > 0, by constructing a 

partial normal form of higher order, which satisfies p-tame property, around 
the KAM torus. 


1. Introduction and main results 

1.1. Introduction and main results. Since 1990’s, KAM theory and Nekhoro- 
shev theorem have a great development for infinite-dimensional Hamiltonian sys¬ 
tems. See [31],[n]-[lD],[ll],[51],[5n],[S3]-I3I],IlS],[S] and [B]-[I3],[I1],[1I],[13],[3S] for 

example. KAM theory concerns the preservation and linear stability of a majority 
of the non-resonant invariant tori (so-called KAM tori), and Nekhoroshev theo¬ 
rem concerns exponential lower bounds for the stability time (so-called effective 
stability). Note that the trajectories lying in KAM tori clearly have an infinite 
stability time (so-called perpetual stability). Therefore one can also expect that, 
for a trajectory starting near a KAM torus, the stability time is much larger than 
the one predicted by Nekhoroshev theorem (so-called stickiness). For finite dimen¬ 
sional Hamiltonian systems, results concerning this ‘stickiness’ of KAM tori have 
been obtained in m-m- It is a natural question of the effective stability of the tori 
for infinite dimensional Hamiltonian systems. Recently, such a result about the 
long time stability for nonlinear Schrddinger equation and nonlinear wave equation 
has been given in m and [12]. The basic idea is that due to the suitable p-tame 
property, which generalized the key idea in |2], and constructing a partial normal 
form of higher order, and then one can show that the solution, which starts in the 
(5-neighbourhood of a KAM torus, still stays in the (5-neighbourhood of the KAM 
torus in a polynomial long time. 

In this paper, we consider d-dimensional (d > 1) beam equation 

(1.1) Utt + (—A + M^)^u £f{u) = 0, X G 

where is a real Fourier multiplier defined by 

= ^j(t)j{x), 
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with ^ = (Cj)jGZ'i G n C and 




{27T)d/^ 


and f{u) is a real-analytic function near u = 0 with /(O) = f'{0) = 0. For most 
of ^ G n and sufficiently small e, the existence of KAM tori of equation p.ll) was 
given in [27] (d = 1 and is replaced by a fixed constant potential m), [28] 
(d > 1), [29] (d > 1, is replaced by a constant potential m and m is considered 
as a parameter) and [40] (d > 1, is replaced by a fixed constant potential m) 
respectively. However, there is nothing known about the long time stability about 
the KAM tori for equation (ttU. In the present paper, we will prove that ’’most” 
of KAM tori for equation (ED are sticky. More precisely, we have the following 
theorem: 


Theorem 1.1. Consider the higher dimensional beam equation 

uu +{-Cl + M^Yu +ef{u) = Q, a: G T'’*. 

There exists a large subset H C H, such that for each ^ G H the KAM torus 7^ 
of equation EP is stable in long time. Precisely, for arbitrarily given M with 
0 < AI < C(e) (where C{e) is a constant depending on e and C'(e) —>■ oo as e —>■ OJ 
and p > 8{A4 + 7^ + 1, there is a small positive do depending on n,p and A4, such 
that for any 0 < 6 < Sq and any solution u{t, x) of equation hl.l\) with the initial 
datum satisfying 


then 


dffp(Td)(u(0,x),7i) 


inf ||u(0,x) — w||//p(Td) < d, 
JuGTj ^ ' 


dHP{Td){u{t,x),T^) 


inf ||u(t,x) - lull/i-pcird) < 2d, 
u)G7{ 


for all |t| < d 


1.2. Further discussion. As the paper [9] says, the key points to prove the long 
time stability result are: one is that to define a suitable p-tame property (p-tame 
norm) and to prove the p-tame property persistence under normal form iterative 
(some estimates about p-tame norm); the other is that some nonresonant conditions 
should be satisfied. 

Following the idea in [16] (or [E]), it is easy to define the suitable p-tame norm 
and show the p-tame property persists under KAM iterative procedure and normal 
form iterative procedure. However it is not obvious that the nonresonant conditions 
hold true, since the eigenvalues of Laplacian operator are multiple with d > 1 
under periodic boundary conditions. We overcome this difficulty by the observation 
that there are some symmetry in the nonlinearity (see (lO) and ([33])) and the 
regularity in the nonlinearity (see the definition of p-tame norm (I2.6|l where noting 
\_JWz\D{s,r)ii'n is an operator form to f'bp+ 2 ), which is actually used in [55] 
where a normal form of order 2 is given. To obtain a partial normal form of high 
order, one has to face a more complicated small divisor problem. After a careful 
calculation, we prove that the nonresonant conditions are satisfied. Finally, we point 
out that the method in our paper can not be applied to deal with the problem of the 
long time stability of KAM tori for d-dimensional nonlinear Schrodinger equation 
due to lack of the regularity in the nonlinear. 

The paper is organized as follows. In section 2, we give some basic notations and 
definitions of p-tame norm for a Hamiltonian vector field. In section 3, we construct 
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a norm form of order 2, which satisfies p-tame property, around the KAM tori based 
on the standard KAM method (see Theorem l3.1|l . and a partial normal form of order 
+2 in the neighbourhood of the KAM tori (see Theorem l3.4l) . Since the iterative 
procedure is parallel to m. we only prove the measure estimate in detail. Finally, 
due to the partial normal form of order M + 2 and p-tame property, we show the 
KAM tori are stable in a long time (see Theoreir l3.5ll . In section 4, we finish the 
proof of Theorem ll.il In section 5, we give the proof of the measure estimate. In 
section 6, we list some properties of p-tame norm, these properties are used in the 
proof of Theorem 13.11 and Theorem 13.41 to ensure the p-tame property surviving 
under KAM iterative procedure and normal form iterative procedure. 


2. The definition of p-tame norm for a Hamiltonian vector field 


We will define p-tame norm for a Hamiltonian vector field as in |15] in this 
section. First we introduce the functional setting and the main notations concerning 
infinite dimensional Hamiltonian systems. Given n > 1, let S = {jj^,..., j„} C 
and Zf := Z‘^\S. Consider the Hilbert space of complex-valued sequences 


9 — (9j)jGZf 


Q \\l-= 

j&i 


< -1-00 


with p > d and 

|j|2 = \/|jlp + --- + |jdp, j = (jl,...,jd) G Zf, 
and the symplectic phase space 

{x, p, z) G T> C" X := pp, z := {q, q) G := X £% 

where T" is the complex open s-neighbourhood of the n-torus T" := R’^/(27rZ)"’, 
equipped with the canonic symplectic structure: 

n 

dy, A dx^ + Y dqj A dqj . 
i=i jezf 


Let 

D{s,ri,r 2 ) = {(a:,p,z) G VP\ || Im x ||< s, || y ||< rl, || z ||p< rz} , 
where || - || denote the sup-norm for complex vectors and 


II ^ llp=ll 9 lip + II 9 lip: with z = {q,q). 

Any analytic function W : -0(s, ri, r 2 ) —>■ C can be developed in a totally convergent 
power series: 

W{x,y,z)= Y W°‘^{x)y°‘z^. 

ctGN",/3GN^i 

Note that there is a multilinear, symmetric, bounded map 


( \a\—times 


IF“/5(a:) g £ 


\^\—times 


C" X • • • X C” 


X ^ip X 


X rt,p,<C 


V 


) = w°‘^{x)y°^z^, 


such that 


\a\—times \^\—times 
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where 

n 

|a| = X! 


and 

m = E 

jGZf 

and I • I denotes the 1-norm here and below. 

We will study the Hamiltonian system 

{x,y,z) = Xw{x,y,z), 

where Xw is the Hamiltonian vector field of W, 


Xw = {Wy,-W^,V^JW,), 


and 



I 

0 


Definition 2.1. Let D{s) = {a: G T"| || Ima; ||< s}. Consider a function W{x\^) : 
D{s) X H —7> C is analytic in the variable x £ D{s) and C^-smooth in the parameter 
^ G H in the Whitney’s sens43, and the Fourier series of W (x; is given by 

W(x;0 = E 

feGZ" 


where 

(ZTT) Jfn 

is the fc-th Fourier coefficient of W (x; ^), and (•, •) denotes the usual inner product, 

i.e. 

n 

{k,x) = '^kiXi. 

i=l 

Then define the norm || • ||D(s)xn of lF(x;^) by 
(2.1) II IH ||D(.)xn= sup E + 

fcGZ” 


Definition 2.2. Let 

D(s,r) = {{x,y) G x C"-| || Im x ||< s, || y ||< r^}. 

Consider a function lF(x, y, : D{s, r) x H —>• C is analytic in the variable (x, y) G 
D{s,r) and C^-smooth in the parameter ^ G H with the following form 

w{x,y-o= E 

aGN" 


Then define the norm || • ||D(s,r)xn of W(x,y;^) by 

(2.2) II 1^ ||D(.,.)xn= E lll^llk"“^ 


^In the whole of this paper, the derivatives with respect to the parameter ^ € 11 are understood 
in the sense of Whitney. 
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\(x\—times 

where >V“ =|| W°‘(x;^) ||D(s)xni G £(C" x ••• x C",C) is an |a|-linear sym¬ 
metric bounded map such that 

\a\—times 

and III • III is the operator norm of multilinear symmetric bounded maps. 

Definition 2.3. Consider a function W{x,y,z-,^) : D{s,r,r) x If — >• C is analytic 
in the variable {x, y, z) G D{s, r, r) and C^-smooth in the parameter ^ G 11 with the 
following form 

W{x,y,z-,0= X! Wf^{x,y\^)zl^. 

/3GN*i 

Define the modulus \ W^i:)(s,r)xii{z) oiW{x,y,z-,^) by 

(2.3) L^lD(s,r)xn(2) := ^ || ||D(s,r)xn ■ 

/3GN*i 


For /i > 1, let 


(2.4) II {z^) ||,.,:= - ^ II II, ... II 11,11 11,11 ||, • • • || ||, . 

* i=l 

Remark 2.4. For /i = 1, it is easy to see that 

(2.5) II (z^) ||p.,= || z II, . 

Definition 2.5. (p-tame norm for a homogeneous Hamiltonian) 

Let 

W{x,y,z;0 ■=Wh{x,y,z;0 = 

be a function is analytic in the variable {x,y,z) G D{s,r,r) and C^-smooth in the 


parameter ^ G H. 

Define the 


IIIW^zl 

iiT 

1 lp,D(s,r) xH 

(2.6) 

:= 

sup 



and 



(2.7) 

IIIW^zll 

1^ 

lp,D(s,r)xn ' 


II W1 D(s,r)xn (^W,...,Z('^-1)) ||,+2 

II IIm 


h>2, 


define the d-operator norm for Wz by 
ll|W^z|||<i.D(s,r)xn 


(2.8) := sup 

and 


II 


h>2, 


(2.9) |||iF.|||,,z,(,,,)xn:= sup || )xn(^) lU- = 0 


= 0 , 1 , 
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and define the operator norm for Wv (v = x or y) by 
ll|W^«lll£)(s.r)xn 


( 2 . 10 ) 


and 


sup 


II \U,d 


, h>l, 


(2.11) |||Hi„|||D(...)xn:= sup || TOz 5 (...)xnW II, ^ = 0- 

Finally define the p-tame norm of the Hamiltonian vector field Xw as follows, 


\ Y 111^ 

1^ I Np,D(s,r,r) xn 


( 2 . 12 ) |||lFy|||£i(5_j.,r)xn + ^ll|W^x|||D(s,r,r)xn + -|l|W4|llp,D(s.r,r)xn> 

where 

(2.13) 11 |hFv 11 |D{s,r,r)xn 11 |hFv 111 D(s,r) xll^ ^ V = X Or y^ 
and 

(2.14) |||W^z|||J,i5(,,^,,.)xn :=max{|||lF^|||J^^(^_^)^n,III^^IIU.D(s,r)xn}?’^”^ 


Remark 2.6. In view of (12.61) . D(s,r)xn is required as a bounded map form 

£l p to £l p _|_2 instead of a bounded map form £l p to as in m- This regularity 
is necessary to guarantee KAM iterative procedure work for the spacial dimension 
d> 2 (not necessary for d = 1). 


Remark 2.7. Based on (12.61) and (12.101) in Definition l2.5l for each (a;, y, z) G and 
^ G n, the following estimates hold 

II {Wh)z{x,y,z-,^) lip 
< II (iA?,)^(a;,?/,z;^) llp+2 

(2.15) < |||(lA^)z|||J,za(..oxnll^llplUlir"^'‘''’°^ h>2, 

and 

(2.16) ||(W"h).(a:,j/,z;OII<lll(W"^).|lb(s,.)xnlUlld, h>l. 

Definition 2.8. (p-tame norm for a general Hamiltonian) 

Let W{x,y,z-,^) = J2h>o^h{x,y, z; be a Hamiltonian analytic in the variable 
{x,y,z) G D{s,r,r) and C^-smooth in the parameter ^ G H, where 

Wh{x,y,z;0= 

/3GN*^i,|/3|=/i 

Then dehne the p-tame norm of the Hamiltonian vector field X\y by 

(2.17) III^M.|||J.z,(.....)xn:=E lll^l^/.lllp,D(s,r,r)xn- 

h>0 

Moreover, we say that a Hamiltonian vector field Xw (or a Hamiltonian W (x, p, z; ^)) 
has p-tame property on the domain D[s, r, r) x H, if and only if 

lll^w||lE(s,r,r)xn < 
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3. The abstract results 


Theorem 3.1. (Normal form of order 2) Consider a perturbation of the integrable 
Hamiltonian 


(3.1) H{x,y,q,q;^) = N{y,q,q;^) + R{x,y,q,q;^) 

defined on the domain D{so,ro,ro) x 11 with So,rQ G (0,1], where 

n 

N{y,q,q;0 = 

*=i jezf 


is a family of parameter dependent integrable Hamiltonian and 
R{x,y,q,q;f)= ^ R^^^x; f)y<^q^if 

aGN",/3,7eN*i 


is the perturbation. Suppose the tangent frequency and normal frequency satisfy the 
following assumption: 


(1) Frequency Asymptotic. 


(3.2) 

<^*(0 — 1*2 + 

and 


(3.3) 

= 12 + 

where 



i = mj&^) G n C 


(2) Tame Property and smallness conditions. The perturbation R{x,y,q,q;f) 
has p-tame property on the domain D{so,ro,ro) x 11 and satisfies the small 
assumption: 


£ := III^R|||J.D(5oToTo)xn <for some 776 ( 0 , 1 ), 

where e is a positive constant depending on so,ro and n. 

(3) Spacial form of perturbation. The perturbation R{x,y,q,q;f) is taken from 
a special class of analytic functions 


(3.4) A=IR:R= Y. Rik^fy^^q^ff 

feeZ",aeN",/3,7eN®i J 

where k, a, (3 has the following relation 

n 

(3.5) Y + XI (^7 “ 

i=l j&f 

Then there exists a subset 11,, C 11 with the estimate 

Meas n,, > (Meas n)(l — 0 ( 77 )). 

For each ,^6 11,,, there is a symplectic map 

T : i:>(so/2,ro/2,ro/2) D{so,ro,ro), 


such that 

(3.6) 


H (x, y, q,q-f) := H 0 'S = N{y, q, g; f + R{x, y, q, g; f, 
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where 

(3.7) 


Niy,q,q-,0 = 

i=i jezf 


and 

(3.8) R{x,y,q,q;^) = 


i7“''^(x;e)y“/g-^. 

cteN",/3,7eN*i ,2|ct| + |/3| + |7|>3 


Moreover, the following estimates hold: 

(1) for each f G 11^, the symplectic map : Z?(so/2, ?'o/2, ro/2) —?► D{so,ro,ro) 
satisfies 


(3.9) 

where 


II ^ 11^,0(80/2,7-0/2,7-0/2)^ 


(3.10) II ||p.O(8o/2,ro/2,ro/2)= SUp || (^' - /d)u; ||pp,D(s„ , 

iueD(so/2,ro/2,ro/2) 

moreover, 

(3-11) lll-D^- - /d|||p,0(8o/2,ro/2,ro/2) < C77®e, 

where on the left-hand side hand we use the operator norn^ 

II (D'I> - Id)w ||op,0(8o,ro,ro) . 


IZ/^* -^^11 |p,0(so/2,ro/2,ro/2) 


sup 

0/7i)GO(so/2,ro/2,ro/2) || W ||'pp,0(so/2,ro/2,ro/2) 


(2) the frequencies ihlff) and Ct{f) satisfy 

(3.12) II Loif) - uif) II + sup II aj.(w(0 - w(C)) ll< c??®e, 

jGZ'^ 


and 

(3.13) 

where 

(3.14) 


II ^(0 - ^{0 11-2 + sup II d^.{n{f) - Q.{f)) ||_2< c?7®e, 

jGZ"^ 

II ^2(0 = ll-2:= sup \nj{C)\j\l\\ 


(3) the Hamiltonian vector field Xj^ of the new perturbed Hamiltonian R{x, y, q, q] f,) 
satisfies 

(3-15) lll"^iilllj,o(so/2,ro/2,7'o/2)xn, < e(l + c?7®e), 

where c > 0 is a constant depending on So,ro and n. 


Remark 3.2. This theorem is parallel to Theorem in m and is essentially due to 
a standard KAM proof. The same as in m, the tame property (13.151) of Xj^ can 
be verified explicitly in view of Lemmas 16.1116. 51 Moreover, as a corollary of this 
theorem, the existence and long time stability can be obtained directly. 


^where id denotes the identity map from t and Id denotes its tangent map. 
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Given a large A/” S N, split the normal frequency Cl{^) and normal variable {q, q) 
into two parts respectively, i.e. 

= (^( 0 :^( 0 ): 9 =(9,9), 9 =(9,9), 

where 

^{0 = (^j(0)|j|2<At, 9 = (9j)|j|2<At: 9 = (9j)|j|2<At 

are the low frequencies and 

^(0 = (^j(0)|j|2>At, 9 = (9j)|j|2>At: 9 = (9j)|j|2>At 

are the high frequencies. Given 0 < 77 < 1, and r > 2n + 5, if the frequencies w(^) 
and satisfy the following inequalities 

>-^ 

43^(|fc| + i)^c(Ar,o 

with 

|fc| + |r| + |f| ^0, |[| + |/| <Af+2, |f|<2, 

where 

(3.17) C'(Ar,r) 

then we call that the frequencies u)[^) and Cl{^) are (?), A/”, Ad)-non-resonant. 


(3.16) 


{k,^{0) + iim) + dm) 


Remark 3.3. Denote the resonant set by 

(3.18) 


'^kii — ^ ^ n 


{k,m) + dm) + dm) 


< 


43A^(|fc| + i)^c'(Ar,o J ’ 


7^ 


klV 


where 11^ is given in Theorem 13.11 and denote 

(3.19) 7^ = [j 

Ifel + III + l/Vo, \l\ + \i\<M+2, |/|<2 

Then for each 

(3.20) Cen:=n^\iR,, 

the frequencies w(^) and D(^) are ( 77 , A/", A4)-non-resonant. 


Theorem 3.4. (Partial normal form of order M +2) Consider the normal form 
of order 2 

H{x,y,q,q;f,) = N{y,q,q;£,) + R{x,y,q,q;f,) 

obtained in Theorem \3.1\ Suppose ^ € 11, which is defined in i3.20\) . for some 
positive integers J\f,A4 and 0 < 77 < 1, there exist a small po > 0 depending on 
so,ro,n,fj,J\f and A4, and for each 0 < p < po, there is a symplectic map 

$ : D(so/4,4p,4p) ^ D(so/2, 5p, 5p), 

such that 

(3.21) 77 o $ = N{y, g, q; ^) + Z{y, q, q; f) + P{x, y, q, q; f) + Q{x, y, g, g; f) 

is a partial normal form of order A4 + 2, where 

Z{y,q,qd) = X! 

4<2|a|+2|/3|+2|/i|<AI+2,|/i|<l 
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is the integrable term depending only on y and Ij = \qj\‘^,jG Zf, and where 

P{x,y,q,q;0 = E , 


2|a| + |^| + |7| + |/i| + |2^|>A^+3,|/i| + |i/|<2 


and 


Qix,y,q,q;0= E rt ■ 

|At| + |i/|>3 

Moreover, we have the following estimates: 

(1) the symplectic map $ satisfies 


(3.22) 
and 

(3.23) 


II ^ llp,D(so/4,4p,4p) ^ ^2 


0^294 

|P^ -^^11 lp,D(so/4,4p,4p) ^ ^2 : 


(2) the Hamiltonian vector fields Xz,Xp and Xq satisfy 

(3.24) lll^p|llE(so/4.4p.4p)xn < , 

and 

lll"^'3lllp,D(so/4,4p,4p)xfl — 

where c > 0 is a constant depending on so,rQ,n and A4. 

Based on the partial normal form of order A4 + 2 and p-tame property, we obtain 
the long time stability of KAM tori as follows: 

Theorem 3.5. (The long time stability of KAM tori) Based on the partial normal 
form iS.21\) . for any p > 24(Af + 7)4 + 1 and 0 < S < p, the KAM tori T are 
stable in long time, i.e. if w{t) is a solution of Hamiltonian vector field Xh with 
the initial datum w(0) = (wx(0),Wy(0),Wq(0),Wq(0)) satisfying 

dp{w{0),T) < 6, 

then 

(3.25) dp{w{t),T) <26, for all \t\ < 6-^. 


4. Proof of Theorem o 


Proof. Firstly, write equation (ED as an infinite dimensional Hamiltonian system. 

Here we assume that the operator A = —A + with periodic boundary con¬ 
ditions has eigenvalues Aj satisfying 

(4-1) •^j = |jl2+Cj) j S Z'^, 


and the corresponding eigenfunctions 


((fix) = 


(27r)‘4/2 




form a basis in the domain of the operator. 
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Introducing v = Ut, (HU reads 

Ut = V, 

(4.2) vt = -A^u - ef{u). 

Letting 

2 1 _ X 1 

(4.3) q = —j=A^u — 

V 2 V 2 

we obtain 

(4.4) - = Aq + ^A 2 f (^A ^ 

Equation (14.41) can be rewritten as the Hamiltonian equations 

(4.5) = 

and the corresponding Hamiltonian is 

(4.6) H = + 

where (•, •) denotes the inner product in and 5 is a primitive of /. 

Let 

(4.7) q{x) = qj(l)j{x). 

jez<i 

Thus system (14.51) is equivalent to the lattice Hamiltonian equations 

(4.8) ^ = ^rT(^Ai,j+4g), a{, 

with the corresponding Hamiltonian function 

(4.9) H{q,q) = Y + ^^(g, g). 

jeZ'i 

Since f{u) is real analytic in m, g{q, q) is real analytic in q, q. Making use of 

(4.10) g(x) = ^ gj(?ij(x) 

jeZ'i 

again, we may rewrite g(g, q) as follows 

( 4 . 11 ) g{q,q) = Y9‘^^<l‘^9^r^^- 

a,j3 

Hence, 

(4.12) G(,, 5) := / s{y. 3*^) 

\jGZ‘^ V j y 

if ^ f- 

jez<i 


where 

(4.13) 


G“^ = 0, 
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To simply the proof, we assume f{u) = v? without loss of generality, following 
example 3.2 in [9], we have 

(4.14) II ^G(g(i).9G),q(3)) ||p< Cp II II p,d, 

and 

(4-15) II ^G(9(i).gG),g(3)) ||d< Cp II II d,d. 

Furthermore, as in |25) . the perturbation G{q^q) is more regular in the following 
sense 


(4.16) II ^G(g(i),9G),9(3)) ||p+2< Cp || Z^ || p, d. 

As in [29], the perturbation G{q, q) in (14.81) has the following regularity property. 


Lemma 4.1. For any fixed p > d/2, the gradient Gq is a map in a neighbourhood 
of the origin with 

(4.17) II Gq ||p+2< C II q ||3 . 

Next we introduce standard action-angle variables 

(4.18) {x,y) = {{xi,...,Xn),iyi,...,yn)) 


in the {qp,... ,qj^,qj^,..., q^^ )-space by letting 

(4.19) l<i<n, ji € S, 

and 


(4.20) gj — Zj, gj — Zj, j G Zi. 

So system (14.81) becomes 


(4.21) 

(4.22) 

(4.23) 

(4.24) 


dyi 

dt 

dxi 

dt 

dt 

d^ 

dt 


-Pb., 

i^i + Ph, i = l,...,n, 

—\/-^(lljZj -l- ePzf), 

\/—l(f2jZj -I- sPzf), j G ^1, 


where P{x, y, z, z) is just G{q, q) with the (g, g)-variables expressed in terms of the 
(a;, y, z, z)-variables. The Hamiltonian associated to ()4.21l) - ()4.24l) (with respect to 
the symplectic structure dyi A dxi -I- V~1 ^ '^^j) 1® given by 

(4.25) H{x,y,z,z;f) = {uj{f),y) + ^ Hj(^)zjZj -b P(a;, y, z, z; 0. 

jGZf 


Based on (3.12) in [28], the relationship (13.5p is satisfied. Note that G{q,q) has 
p-tame property, and introducing action-angle variables is a coordinate symplectic 
transformation, so P{x, y, z, z) has p-tame property. 

Finally, we obtain a Hamiltonian F[{x, y, z, z; f) having the following form 


(4.26) 


H{x, y, z, z; ^ = N{x, y, z, z; f) + P{x, y, z, z; 0, 
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where 

n 

(4.27) N{x,y,z,z;^) = Ho{w,w) = '^uJi{Oy^ + 

i=l jGZf 

with the tangent frequency 

(4-28) “ (wi(^))l<i<n, Wi = |jj |2 + 

and the normal frequency 

(4.29) f2(e) = (f^j(O)jGZf, = |j|^ +?j, 

In view of (|4.28l) and (14.291) . Assumption (1) in Theorem 13.II satisfies. 

In view of (j4.15|l . (14.161) and noting that the coordinate transformation of action- 
angle variables preserves p-tame property, R = eG satisfy Assumption (2) in The¬ 
orem [HIl 

Moreover, based on (3.12) in [^, Assumption (3) in Theorem 13.II satisfies. 
Hence, all assumptions in Theorem 13.11 hold. According to Theorem 13.11 we 
obtain a KAM normal form of order 2, where the nonlinear terms satisfy p-tame 
property. 

Furthermore, we obtain a KAM partial normal form of order A4 -I- 2 where the 
nonlinear terms satisfy p-tame property based on Theorem 13.41 

Finally, based on Theorem 13.51 for each ^ S 11 C H,,, the KAM torus for 
equation (HD is sticky, i.e. for any solution u{t, x) of equation ()l.ll) with the initial 
datum satisfying 

'^Hj[o.7r](u(0,a;),7i) < <5, 

then 

dH^[o,-K](u(t,x),T(,) < 25, for all |t| < 5"^. 

□ 


5. The measure of the non-resonant set H 

In this section, we will show that for most the frequencies a;(^) and H(^) are 
( 77 , Af, A4)-non-resonant. More precisely, we have the following lemma: 

Lemma 5.1. The non-resonant set H defined in i3.20\) satisfies the following esti¬ 
mate 

(5.1) Meas H > {Meas n^)(l — cfj), 

where c > 0 is a constant depending on n. 

Proof. Firstly, we will show the frequencies u}{^) and Cl{f) are twist about the 
parameter Precisely, in view of ()3.2I) and ()3.12|) we have 


(5.2) 

|9cj^w,(C)| > l-c?7®e. 

1 < i < n. 

and 



(5.3) 

|9{jWi(C)| < cp®e. 

3 

Moreover, 

in view of (13.31) and (13.131). we have 


(5.4) 


j G 
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and 


(5.5) 


\diAm< 


crj^e 


jVj, j'GZ^ jGZ^. 


Secondly, we will estimate the measure of the resonant sets 

Case 1. 

For I A: I ^ 0, without loss of generality, we assume 


(5.6) 


\ki\ = max {|A:i|,..., |fc„|}. 

l< 2 <n 


Then 


> 

> 

> 

> 

> 


l^i||95j^Wi(C)l 


|A:i|(l-c?7®e) 


( n ^ 

i=2 / 

^ n \ 

\ki\ + |f| + |/| C77®e 

\i=2 ) 


(in view of (j5.2l) - ()5.5|) 1 

1^11 ~ (1^1 + -^ + 2)cr]^e (in view of |f| + \i\ < M + 2) 
^|fci| (by (15.61) and M < {2cr]^e)~^) 

1 

4' 


Hence, 


(5.7) 


Meas TZi.rj < 


4?) 

43^(|fc| + 1)^C'(AA,[) 


• Meas n^. 


Case 2. 

If |A:| =0 and |(| ^ 0, without loss of generality, we assume 


l^j'l 7^ 0 


and let 


^ { j I 1 < IJb < A/”,j G Zf}, Ai A \ {j'}. 
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Then 


> 

> 

> 

> 

> 


i^j'Pcy^j'(oi - + ilm) - h'^yim 




ViG -Ai 


C7?^€ 

w 


(by (15.41) and (15.51) ') 

+ 


C77®e 

w 






(in view of |f| + |/| < A4 + 2 ) 

(in view of Af < ( 2 c 77 ®e)“^ and |j '|2 < A/”) 


1 

> -. 

- 4 

Hence, 

(5.8) 

Case 3. 

If |fc| =0,1 

i.e. 


Meas TZryfj < - - -^ 

oil - 


■ Meas n^. 


= 0 and 1 < |?| < 2 , then it is easy to see that |((, H(^))| is not small. 


(5.9) the sets are empty for |fc| = 0, |f| = 0 and 1 < |f| < 2. 

Now we would like to estimate the measure of TZ (see (j3.19l) '). Following the 
notations in m, we define the set 

-ZnX := {(fc> I 0 e Z” X X \ (0,0, 0) : |f| < 2 } 

and we split 

C := {f e Z" : \l\ < 2 J 

as the union of the following four disjoint sets: 

jOo = {^=0}, 

£1 = {f=ej}, 

C2+ = {I = Ci + Cj}, 

— Si 


where 

ej : the j — th position is 1 , 

and |i| 2 , |j |2 >n+Af+l. 

Let |(| = 2 and ( = G £ 2 + for some |i| 2 , |j |2 > n + Af + 1. If 

min{|i|i, IJIa} > \k\ ■ ||a;(^)|| + 2{M+2)Af'^ + I, 
then it is easy to see that 


{k,w{o) + {i,m) + {i,m) 


> 1 , 
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which is not small. Namely, the resonant sets is empty. So it is sufficient to 
consider 

max{|i|2, |j|2} < |fc|’ II w(^) || +2(M + 2)J\f^ + 1, 

when the estimate (15.101) is given below. In fact, we obtain 


Meas 


u 




kll 


(fe,i.0G2„.vn-c2+ 


< 


E 


4?7 


fe#O,(fe,i,0G2n,Wn-C2+ 


43^(|fc| + l)^C'(Ar,0 


• Meas n„ 


E 


4?7 


43^C(A/',/) 


• Meas 


k=0,{k,l,i)eZn |~| £ 2 + 

(5.10) < c\f} ■ Meas 11,,, 

where Ci > 0 is a constant depending on n and r. 

Similarly we obtain 

(5.11) Meas ■ Meas Hr), 

(fc,f,bG2„,Af n.co 

and 

(5.12) Meas '^kU — *^ 2 ^ ’ Meas 11,,, 

(fc,z,bG2„,Af n^i 

where C 2 > 0 is a constant depending on n and r. Now let 

(fc, 1,1) G Pi C,2- , 

and assume |i |2 > |j |2 without loss generality. In view of (13.3p and (|3.13|1 . there is 
a constant C > 0 such that 


MEM) _i 


|i|i-|jli 


- |jli' 


Hence, 

with 


(f,E)) = i^i(e)-^j(e) = |i|i-|jlEnj, 

. . Cm 

- W’ 


and m = |i |2 — IJIi- Then we have 

{k, uj{0) + {I, m)) + {I m) I > I (fc, ^iO) + il m) + m 

Therefore, 

V 


'^kli ^ ^klmj 


< 


(fc,w( 0 ) + +m 

For |j |2 > Uob, we have 

Qklmj Qklmjfj- 

Then it is sufficient to consider 

m<\k\- II w(e) II +2{M + 2)M^ + 1, 


_ Cm ] 

A^M{\k\ + iyc{j\f,i) ^ WJ ■ 
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and let 

ijoi2 = r'/^4^(ifci + ir/^c(Ar,[)i/2. 

Then following the proof of Lemma 5 in m, we obtain 

(5.13) Meas '^kli — ■ Meas 11,,, 

(fc,/,Z)G2„.Arn'C2^ 

where C 3 > 0 is a constant depending on n and r. Finally, in view of (I5.10I) - (I5.13I) 
and (I3.19L we obtain 

(5.14) Meas TZ < ■ Meas 11,,, 

where c is a constant depending on ci, C 2 , C 3 , n and r. Then combining (j3.20ll with 
(I5.14|l . we finish the proof of (j5.1ll . 

□ 


6. Appendix: Properties of the Hamiltonian with p-tame property 

In this section, we will discuss some properties of p-tame norm, which are proven 
in m (or can be proven by a parallel way). 

Lemma 6.1. (Estimation of the Poisson brackets) Suppose that both Hamiltonian 
functions 

U{x,y,z\f) = ^ U^{x,y]f)z^, 

/3GN*i 

and 

V{x,y,z;^)= V^{x,y;Oz^, 

satisfy p-tame property on the domain D{s,r,r) x H, where 

u^{x,y,f)= Y 


and 


V^ix,y,0= Y 


aGN" 


Then the Poisson bracket {U,V}{x,y, z; f) of U{x,y, z]f) and V{x,y,z;(,) with re¬ 
spect to the symplectic structure ^ + V— 1 ^ P-io,ixie 

property on the domain D{s — a,r — a' ,r — a') x H for 0<CT<s,0<cr'< r/2. 
Moreover, the following inequality holds 

11 \^{U,V} \ \\p^D{s—a,r—a',r—(7')xIl 

(^■^) — ^ ^ ~ 5 ^ ^ 11 11 lp,D(s,r,r) xhI I 11 lp,D(s,r,r)xn; 

where C > Q is a constant depending on n. 

Denote by the flow of the Hamiltonian vector field of U{x, y, z; f). It follows 
from Taylor’s formula that 

V o XIj{x, y, z;f) = Y ^5 0, 

z>0 *■ 


( 6 . 2 ) 
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where 

V^°Hx,y,z-,0 ■= y{x,y,z;0, FW(x, 2 /, 2 ;C) := {V^"~^\U}{x,y, z; ^). 

Then based on (EID in Theorem 16.11 and (lO) . we have the following theorem, 
which can be parallel proved following the proof of Theorem 3.3 in m- 


Lemma 6.2. (Estimation of the symplectic transformation) Consider two Hamilto¬ 
nians U{x, y, z; and V{x, y, z\(,) satisfying p-tame property on the domain D{s, r, r) x 

n for some 0 < s,r < 1. Given Q < a < s,0 < a' < r/2, suppose 

11 11 |p^X)(s,r,r) xn — ’ 


where 


B = 4Cemax ^ , 

rr rr^ I 


G G' 


and C > 0 is the constant given in mw in Theorem \ 6. li Then for each |t| < 1, 
we have 

11 11 cr,r— cr','r —(T^) xll — ^11111 Ip,D(s,r,r) XIT ’ 


The following theorem will be used to estimate the p-tame norm of the solution 
of homological equation during KAM iterative procedure and normal form iterative 
procedure, which can be parallel proved following the proof of Theorem 3.4 in m- 


Lemma 6.3. (The p-tame property of homological equation) Consider two Hamil¬ 
tonians 

U{x,y,z-,0^ E 

aGN”./3GN^i 

and 

Vix,y,z;0= E V^^ix^Oy^^z^ 

aGN"./3GN*i 

Suppose V{x,y, z]f) has p-tame property on the domain D{s,r,r) x 11, i.e 

111^^ 11 lp,D(s,r,r) xn ^ 

For each a € N",/? S N^i,fc G G Z'^ and some fixed constant r > 0, assume 
the following inequality holds 

< (|fc| + ir(|v^^(fc;OI + 

where and V°‘P{k]() are the k-th Fourier coefficients of {x]£)) and 

V°‘^{x\ 0), respectively. Then, U{x, y, z; has p-tame property on the domain D{s— 
(T, r, r) X n for 0 < a < s. Moreover, we have 

(6-3) III^G||lE(s-CT.r.r)xn — ^III^V"||lE(sA,r)xn> 

where c> Q is a constant depending on s and t. 


As 


define 


II W ||•pP,D(^^.r,r) = ll X || -f— || y 


- lU 


(6.4) 
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for each w = {x,y,z) G D{s,r,r), and define the weighted norm of Hamiltonian 
vector field Xjj on the domain D{s, r, r) x H by 

(6.5) ll|-^(7|||pr,£l(s,r,r)xn = SUp || Xu \\-pP ,D{s,r,r) ■ 

{x,yD{s,r,r) xll 

Then we have 

Lemma 6.4. (Compare p-tame norm with the usual weighted norm for a Hamil¬ 
tonian vector field) Give a Hamiltonian 

U{x,y,z;f)= U^{x,y;^)z^ 

/3gN*i 

satisfying p-tame property on the domain D{s, r, r) x H for some 0 < s, r < 1. Then 
we have 

(6.6) |||-’^C/|||-pp,D(s.r,r)xn < 11 11 |pP+2 ,D(s.r.r) X H < 11 111 J,D(s,r,r) X H' 

This theorem can be parallel proved following the proof of the theorem 3.5 in 
m- Based on Lemma A.4. In [25] and Theorem (IQ) . we have the following 
estimate: 

Lemma 6.5. Suppose the Hamiltonian 

U{x,y,z-,i)= Y U^{x,y,f,)z^ 

/3gN®i 

has p-tame property on the domain D{s,r,r) x H for some 0 < s,r < 1. Let Xfj 
be the phase flow generalized by the Hamiltonian vector field Xu- Given 0 < cr < s 
and 0 < a' < r 12, assume 

lll^c/|||J,D(s,r.r)xn < niin{cr,cr'}. 

Then, for eaeh ^ G H and eaeh |t| < 1, one has 

(6-7) II Xu — id ||p,_D(s— dr,! — dr',r—dr')^ lll^u|||p,D(s,r,r)xn- 
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